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Abstract: Let E be an elliptic curve and p an Artin representation, both defined 
^ I over Q. Let S be a finite set of primes, including a prime p at which E has 

■ good reduction. We prove that there exists an infinite set of Dirichlet characters 
\ X, unramified outside S, such that the Artin-twisted L-values L{E, Xj P) '^'"c 

■ non-zero when f3 lies in a specified region in the critical strip ( assuming the 
conjectural continuations and functional equations for these L-functions). 

^ ■ 1 Introduction 

. An Artin representation of Gal((Q/Q) is defined to be a finite-dimensional com- 

plex representation which factors through a finite extension K/Q. If £^ is an 
elliptic curve over Q, there exists an L-series L{E,p,s) associated to E and p, 
which appears naturally as a factor of the L-function of E over K. 

^ I The function L(E, p, s) is defined by an Euler product which converges only 

■ on the region Re(s) > 3/2, but conjecturally it may be analytically continued to 
the entire complex plane and will satisfy a functional equation (we give further 

■ details in ^SI- The purpose of this paper is to show that, once we assume the 
continuation and functional equation for these L-series, we can prove the non- 
vanishing of infinitely many Dirichlet twists of L(E, p, s) in a certain region in 



(N 
O. 

_ the critical strip. The precise statement of our main theorem is as follows. 

Theorem 1.1. Let S be a finite set of primes, containing a prime p such that 
E has good reduction at p. Suppose further that the L-function L{E, p ® Xt^) 
. satisfies the conjectural analytic continuation and functional equation for all 

^ ' Dirichlet twists x- Then, for any (3 in the critical strip {s G C ; 1/2 < Re(s) < 

^ ■ 3/2} satisfying 



Re(/3) 



12 3 2 

2 ^ 2dimp + 1 ' 2 ^ 2dimp + 1 



we have L{E, p® x^ P) 7^ for infinitely many Dirichlet characters x which are 
unramified outside S . 



This theorem is motivated by the many results in the literature on the non- 
vanishing of twists of L-functions; for example those of Rohrlich [10l|Tl], Barthel 
and Ramakrishnan [Tj , Friedberg and Hoffstein [5] , and Luo [S] . To prove The- 
orem 11.11 we follow a standard technique of using the approximate functional 
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equation and averaging over twists. In particular we follow the method of Luo 
from [5] (previously used by Iwaniec in [5]). 

We conclude the introduction with the following remark: suppose p is 2- 
dimensional, irreducible and odd (that is, the determinant of complex conjuga- 
tion is —1). Under these assumptions, except for certain icosahedral examples 
of p, it is known that p is equivalent to the representation given by a weight 
1 newform (this is proved by Buzzard, Dickinson, Shepherd-Barron and Taylor 
in [3]). As we also know that E is modular by the work of Wiles et al in [T3] 
and [2] we may write L{E^ p, s) as a Rankin convolution of modular forms. The 
functional equation and continuation are proven for any Dirichlet twist of such 
an L-function, so Theorem 1 1 . 1 1 holds unconditionally in this case. 

Acknowledgements: The author thanks Andrew Booker and Daniel Delbourgo 
for their helpful suggestions. 



2 Conductors of twisted Artin representations 



In our main theorem, we impose no restrictions on the ramification of p at the 
primes in S. For this reason we first prove a result on the Artin conductors of 
the twists p ® X') begin with a preparatory lemma on ramification groups. 

Lemma 2.1. Let p he a prime. Let L/Qp be a finite Galois extension of local 
fields, and suppose 

(j> : Gal{L/Qp) A 

is a homomorphism of groups. Let Kn — Qp(/ip") and regard p as a homomor- 
phism Gal{LKn/Qp) A by extension through the quotient map. Then there 
exists a fixed integer i^ .such that 

G,iLKn/Qp) C ker^ 

for all i > i^, for all sufficiently large n. Here Gi{LKn/'Q_p) denotes the i-th 
ramification group of the extension LKn/Q_p. 



Proof Let H = Gal{LI<n/L), so that H C keicf). Quoting Chapter II, §10] 
we have the formula 



G,iLKJQp)H 
H 



= Gt{L/Qp) 



where t = VLK^/Li'^)- Here, ?yLif„/L is the function which defines the upper 
numbering for the ramification groups of LKn/L (see [5]). Let t' be the some 
integer such that Gt'{L/Qp) = {1}. We will show that there exists a fixed i^ 
such that rji^Kn/hi'i) > t' when i > i^f,, for all sufficiently large n. This will 
establish the claim, as the formula above implies Gi{LKn/Qp) C 7J C kert/) for 
such i. 

By definition, we have 

ilLK^/hii) = — (51+52 H l-5i) 

50 
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where we write gi — \Gi{LKn/ L)\. Enlarging L if necessary, assume that 
Qp(/ipoo) f] L — Km- Suppose we have — 1 > « > p''~^ , where n > s > m. 
One checks that 

G,{LKn/L) D Gal{LKn/LKs) 

so for such i we have gi > p"^**. We also observe that gi = for p™~^ > 

i > 0. Therefore we have 

90 90^ 
= p"-i(l + (,s-m)(p-l))-l. 

We may choose s to make this quantity as large as we like, independently of n 
(provided n is sufficiently large), which completes the proof. □ 

Now let p be an Artin representation of Gal(Q/Q). The global Artin con- 
ductor associated to p may be given as a product 

p prime 

where the local conductors np{p) are almost all zero (their precise definition is 
given below). 

Lemma 2.2. We have 

np{p®X) = "p(x)dimp 
when Uplx) is sufficiently large. 

Proof. Fix a character x of conductor p"; we know that x factors through 
Gal(if„/Q) where Kn — Q{ppn). As p is an Artin representation, p factors 
through Gal(L/Q) for some finite extension L/Q. We may regard p (8) x as a 
representation of Gal{LKn/Q). 

Let G be the decomposition group oiLKn/Q at p, and let Gi — Gi{{LKn)p^/Qp) 
be the i-th ramification group, where p„ denotes a prime of LKn above p. By 
definition of the Artin conductor (see Chapter VII] ) we have 

np{p®x) = ( dimp- — V Tr p{s) x{p)] 

where gi — \Gi\. We observe that 

— Y] X{s) Tr(p) 

is the inner product of the characters p and x (which is defined in [12] )■ This 
equals the number of copies of x in p, as representations restricted to Gi. Let 
ip be the smallest integer such that Gi C kerp for i > ip. By Lemma l2.ll 
we know that ip is independent of n, so by taking n sufficiently large we can 
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assume that x is non-trivial on Gi . Therefore if i < ip, the sum above must 
be zero as p restricted to Gi^ is a sum of copies of the trivial representation, 
and X is non-trivial. Also, if « > then Trp(s) = dimp for any s € Gi 
by the definition of ip. Putting this into the formula above we deduce that 
np{p<E)x) = np{x)dimp. □ 



3 The approximate functional equation 

Let E be an elliptic curve and p an Artin representation, both defined over Q. 
The L-series of E twisted by p is defined by setting 

L{E,p,s) = n Pg{E,p,q-n-' 

q prime 

where the local polynomial at the prime q is given by 

Pg{E,p,T) = det (l - Frob-i • T\{HI{E) Vp.j)). 

where I is a prime different from q. Here, Hl{E) is the dual of the Z-adic Tate 
module of E, and Vp^i is the representation obtained from p by extending scalars 
to Qi- This Euler product converges only on the right half-plane Re(s) > 3/2 
but conjecturally it may be continued to a holomorphic function on the whole 
complex plane. Let us put 

L^{s) = (2(27r)-^r(s))'*"°^ 

and define the completed L-function 

L{E,p,s) L^{s)L{E,p,s). 

We also write N{E, p) for the conductor associated to the twist of E by p. Then, 
we have the following conjecture (see [T3] or [H §2] for example): 

Conjecture 3.1. The completed L-function L{E, p,s) has an analytic contin- 
uation to the whole complex plane, and satisfies the functional equation 

LiE,p,s) ^ w{E,p)N{E,pY-'L{E,p\2-s) 

where p* is the contragredient representation to p, and the root number w{E,p) 
is a complex number of absolute value 1 . 



Suppose p is an Artin representation for which Conjecture 13.11 is satisfied. 

Let 

L{E,p,s) = CnU^'' 
n>l 

be the Dirichlet series expression which is valid for Re(s) > 3/2. For /3 G C and 
positive u G R we define the function 

JRc(s)=2 S 
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Now we assume that 1 < Re(/3) < 3/2. Using Cauchy's theorem and the func- 
tional equation, we obtain the following formula (the approximate functional 
equation) : 

n>l n>l ^ 

for y > 0, where N — N{E, p) and w — w{E, p). We also note that the function 
Fi3{u) has the following properties: 

u^Fp{u)^0 as u -> oo 

for any A; > 0, and 

Fp{u) Loo{P) as u 0. 

We can check these by shifting the line of integration to Re(s) = u^^^ and 
Re(s) — u^^ respectively, for 6 small and positive. Further, one can show that 

Ffi{u) < 1 + 

as u approaches zero, for any small 6* > 0. These statements also hold for 
F2-p{u). 



4 Proof of Theorem 11.11 

First, we observe that it suffices to prove Theorem II. II in the case S = {p} for a 
prime p at which E has good reduction. To see this, we take a Dirichlet character 
X defined modulo pm, where {m,p) ~ 1. Such a character may be written as a 
product X = X1X2 for characters xi modulo p and X2 modulo m, and considering 
the characters as one-dimensional Artin representations we have p (Ei X — ip ® 
X2) 'S) Xi- Therefore we apply the result for S — {p} to the representation 
P €5 X2 J which implies the existence of infinitely many twists unramified outside 
{p} U { primes q \ m} with the claimed non- vanishing property. 

We now fix a prime p at which E has good reduction; we will prove the 
result for characters of p-power conductor. We fix the Artin representation p 
and let x be a primitive Dirichlet character modulo p"". Taking a = fip(x) to 
be sufficiently large, by Lemma [2.21 we know that np(p ^ x) — a dim p. As we 
assumed E has good reduction at p, we have 

N{E,p(x)x) = ATpSadimp^ 

where N is the prime-to-p part of the conductor, which will remain fixed. 
We consider the twisted L-series 

L{E,p(g)x,s) = ^xWc„n"'- 

n>l 

In order to apply the approximate functional equation, we assume that it has 
the analytic continuation and functional equation specified in Coni ecture 13 . 1 1 for 
every Dirichlet character x of conductor p° (which is hypothesised in Theorem 
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By the functional equation, it suffices to consider tlie values of L{E^ P X, s) in 
the right half of the critical strip. Let /? G C satisfy 1 < Re(/3) < 3/2; we apply 
equation ^ to write 

n>l 

n>l 

for 2/ > 0; here we have re-normalised the variable y via y i-^ yN'^p^^"''^. We 
observe that the x-twist does not change the Gamma-factor Loo(s) so it does 
not affect the function F. 

We now average over primitive characters modulo p° : we define 

X mod p"- 

and 

Bin) AE,p,xmn)p"'''^'~^^ 

X mod 

where the symbol ^* denotes the sum over primitive characters only. Then we 
have 

X mod p°- n> 1 

n>l 

We will proceed to show that this sum tends to infinity with a when 

— < Re(/3) < - 

which will establish Theorem ll.il We write the sum above in the form 
Y* L{E.P®X.P) = ^(1) + Si + S2 

X mod 

where we have put 

Si = ^ A{n) c„ n-^ and E2 = N^~f^ ^ < n^-'i^a-/? 

n>2 n>l 

We will show that the parameter y may be specified so that |A(1)| ^ |Si| and 
A(l)| ;» IS2I as a — > 00 which will prove the result. 
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5 Estimating the sums 



We introduce a parameter x such that xy — p^'*" and assume both x and y are 
fixed positive powers of p°' (we will discuss how they can be specified in We 
have 

Ail) = Y.* ' 

X mod p" 

By our choice of x and y we have 

y 1 



Np 



2ad 



Np- 



2ad 



Nx 







as a — > oo. Recalling that Fpiu) tends to the non-zero constant Loo(/3) as w ^ 
we have 

\A{1)\ ^ Y.* 1 

X mod 

and therefore |^(1)| ^ p"' (recalling that p is constant and a is tending to 
infinity). Next we consider Si; we have 



\A{n)\ = 



( ny 



\Np 



2ad 



X mod 



Suppose first that n < x^^"^ for e small and positive. Using the estimate 
Fpiu) <C 1 + u^, we obtain 



\A{n)\ « x' 



X mod 



By basic properties of character sums we have 



X mod m 



h\ (n— l.m) 



if {n,m) = 1 (see [Tj 3.8]). From this we infer that the character sum factor in 
A(n)| is <C p° if n — 1 is divisible by p°'~^, and zero otherwise. The Dirichlet 
coefficients c„ are known to satisfy |c„| < for any e > 0, and putting 

these facts together we get 



n) c„ n 



< p" x" 



2<n<x^+' 



j^l/2-Ro(/3)+e 
2<n<x^+' 



(2) 



where denotes the sum over integers congruent to 1 mod p"' ^ only. We 
then observe that 



E 



7 



for any constant 6 > 0. Putting 6 = Rc(/3) — 1/2 — e and combining this with 
(HI) we deduce 



A{n) Cn 



2<n<x^+' 



,3/2-Re(/3)+e 



We must deal with the terms for n > x^~^^; however the fact that u'^Fp{u) — >■ 
as M — >■ oo for any fc > shows that the contribution of these terms is neghgible. 
We conclude that 

|Si| « (3) 

We now consider the sum 



As above, it will suffice to bound the terms with n < as the tail will become 
constant due to the rapid decay of F2-p{u) as w — > cxd. By the estimates for 
F2-p{u) in 321 we have the bound 

for any small e > 0. Following Luo's proof from [S], we apply Cauchy's inequality 
and split up the product to get 

\ 1 -I- (HY 



J2 Bin)c:y-'F2.pi-) « J2 



l<n<yi + = i<n<y^+' V 

1/2 

« yRc(/3)-l + . j J2 

Here we have bounded the first factor in the product above by a method anal- 
ogous to that used for Ei. Let us define 

H{u) := ,^ ^ 

which is the Fourier transform of e~^^l"l. By the estimate above we have 

1/2 

« 



Here we have increased the range of the sum in order to apply Poisson summa- 
tion later. Recall that 

B{n) ^ ^xX{^)P^'"'^^-^\ 

X mod p^- 
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where we have written w-^ for the root number 'w{E, p x)- We have 



nG^ X mod ip mod 



First wc consider the diagonal terms in this sum: those with x = ijj. For these 
terms we get 

J2* p4ad(l-Kem ^ ^ f^l) « p4ad(l-Re(^))+a ^ [- 

recalUng that = 1. By the Poisson summation formula we have 

where T{u) = e"^"^'"'. All terms in this sum decay exponentially with y, except 
that for h = 0. So y J2hez '^iv^) V which implies that the diagonal terms are 

< y p4ad(l-Rc(/3))+a^ 

Now we consider the terms with x 4'- By twisted Poisson summation we have 
Therefore the off-diagonal terms in the character sum are bounded above by 

In this case, the x4' is non-trivial and so vanishes at zero; all other terms in 
the sum over h decay exponentially with y. Therefore the absolute value of this 
sum is 

again using the fact that \w^\ = 1. For any x primitive modulo and any 
< c < a, there are ^p* [p"^) characters V' which are primitive modulo such that 
xi^ has conductor p"^; here we have written ^p*{p'^) for the number of primitive 
characters modulo p'^. Using this fact, we deduce 

from which we get 



Putting this into the earlier bound for E2 obtained from Cauchy's inequality, 
we obtain 

IS2I < j^Rc(/3)-l + .p2da(l-Re(/3)) (yl/2pa/2 + p3a/4^ _ 
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6 Conclusion 



Let us write p"" — P for our parameter which is tending to infinity. We will now 
specify x and y: we require them to satisfy xy = P^'^ and to tend to infinity 
with P, so we may write 

y = P'""' and x = P^^'d-T) 

for < 7 < 1. Putting Re(/?) = ct, we may write estimates ^ and (|H) as 
follows: 

|Si| < p2d(l~7)(3/2-<T+£) 
and IE2I « p2'i7(--l+e)+2d(l-a)(pd7 + l/2 ^ p3/4) 

Recal that we have |A(1)| P, so ^4(1) will eventually grow more rapidly than 
Si and S2 if the following three inequalities hold: 

2d(l-7)(3/2-f7) < 1, (5) 
2d7(cr-l/2) + 2d(l-CT) < 1/2, (6) 
2d7(f7 - 1) + 2d(l - cr) < 1/4. (7) 

Here, inequalities ^ and (O come from the two terms in the estimate (jH). 
Observe that we have neglected e which may be chosen as small as we like. 

If (T = 3/2, one checks easily that these inequalities are satisfied if 7 is chosen 
to be sufficiently small, so we now assume that 1 < cr < 3/2. From inequalities 
(O and ([5]) we get an upper and lower bound on 7. One checks easily that these 
are consistent with < 7 < 1; it remains to check for which a they can be made 
consistent with each other. Combining them, we obtain 

6rf- 1 

which (given the functional equation) is precisely the hypothesis imposed in 
Theorem 11.11 Rearranging inequality (O above, we get another upper bound 
for 7 which places a restriction on tr; however it is straightforward to show that 
this condition is weaker than the one above. 

We conclude that, when a = Re(/3) satisfies the inequality above, we can 
choose our parameter 7 so that |^(1)| dominates |Ei| and IE2I as a cxd. As 
stated in 21 this completes the proof of theorem ll.il 



References 

[1] L. Barthcl and D. Ramakrishnan. A Nonvanishing Result for Twists of 
L-functions of GL(n). Duke Math. J., 74(3):681-700, 1994. 

[2] C. Brcuil, B. Conrad, F. Diamond, and R. Taylor. On the Modularity of 
EUiptic Curves over Q. J. A. M. S., 14:843-939, 2001. 

[3] K. Buzzard, M. Dickinson, N. Shepherd-Barron, and R. Taylor. On Icosa- 
hedral Artin Representations. Duke Math. J., 109(2):283~318, 2001. 



10 



[4] T. Dokchitscr and V. Dokchitscr. Computations in Non-Commutative Iwa- 
sawa Theory. Proc. London Math. Soc, (3) 94:211-272, 2007. 

[5] S. Friedberg and J. Hoffstein. Nonvanishing Theorems for Automorphic 
L-Punctions on GL(2). Ann. of Math., 142(2):385-423, 1995. 

[6] H Iwaniec. The Lowest Eigenvalue for Congruence Groups. In S. Gindikin, 
editor, Topics in Geometry, Prog. Nonlinear Differential Equations, pages 
203-212. Birkhauser, Boston, 1996. 

[7] H. Iwanicc and E. Kowalski. Analytic Number Theory, volume 53. AMS 
CoUoquium Pubhcations, 2004. 

[8] W. Luo. Non- vanishing of L-functions for GL(n, Aq). Duke Math. J., 
28(2):199-207, 2005. 

[9] J. Ncukirch. Algebraic Number Theory. Springer, 1999. 

[10] D. E. Rohrlich. On L-functions of Elhptic Curves and Cyclotomic Towers. 
Invent. Math., 75:409-423, 1984. 

[11] D. E. Rohrlich. Nonvanishing of i-functions for GL(2). Invent. Math., 
97:381-403, 1989. 

[12] J. -P. Serre. Linear Representations of Finite Groups. Springer, 1977. 

[13] J. Tate. Number Theoretic Background. Proceedings of Symposia in Pure 
Mathematics, 33(2):3-26, 1979. 

[14] A. Wiles. Modular Elliptic Curves and Fermat's Last Theorem. Ann. of 
Math., 141:443-551, 1995. 



11 



